the Li8~Mg~g specimen the surface probably bulges and may touch the zone boundary. If the nearly free-electron theory (two plane waves) is applicable, the bulge would result in an appreciable tail above kzB and some diminution below kgB but still above k~, the free-electron radius. Thus the cutoff should be sharper on the lower side and more gradual on the higher momentum side, Tbe opposite is observed. In the Li4s Mgss specimen tbe smear caused by the zone boundary should be approximately symmetric about kf. The data show a strong asymmetry which is thus still unexplained.
' S. F. Edwards, Proc. Roy Soc. (London) A267, 518 (1962) . charge around the magnesium ions must be described by electron wave functions which have Fourier components widely dispersed through k space. These higher momentum components are not easily "seen" in this experiment. The resultant diminution in occupation of k space within the Fermi surface seems to occur preferentially for k&-', kzB, this being the maximum value of k for which the linear relation is observed in the figure.
It is not unreasonable A simple method is used to calculate the contribution of the rapid rise in optical absorption near the absorption edge of semiconductors to the index of refraction near the edge. Other contributions to the index are also estimated. The results give qualitative agreement with the results obtained for PbS by Riedl and Schoolar, and very good agreement with Marple's prism measurements of the index for GaAs. Some applications to injection lasers are discussed. The temperature and pressure dependence of the index of refraction near the absorption edge is estimated, and agrees well with experimental results for GaAs.
I. INTRODUCTION HE absorption edge of a semiconductor is usually a region of very rapidly rising absorption. It is a direct consequence of the dispersion relation' between the real and imaginary parts of the complex index of refraction that this rapid rise in absorption will lead to structure in the index of refraction near the photon energy of the absorption edge. We shall examine this structure using both numerical absorption data and a number of simple models for the absorption near the edge. We find that there is rapid dispersion of the index of refraction near the edge, and in some cases a peak in the index. However, the total variation of the index near the absorption edge is small in the semiconductors *A brief account of this work was presented at the St. Louis meeting of the American Physical Society, in March 1963 LBull. Am. Phys. Soc. 8, 201 (1963) occasionally' been considered in detail heretofore.
The development of injection lasers, which have narrow emission lines near the absorption edge, has provided a sensitive tool for studying the dispersion of the index of refraction near the edge, and has motivated this work. The application to lasers is discussed specifically in Sec. V. In Sec. II we give the relevant dispersion relations, and show how they can most conveniently be used to treat the variation of the index near the absorption edge. In Sec. III we present a number of simple models, and in Sec. IV we apply these methods to obtain results for GaAs and Soc. (London) B?0, 776 (1957) . 
where X, co, and E are the vacuum wavelength, the angular frequency, and the photon energy, respectively, of the radiation. In most cases the extinction coefficient will be small or negligible in Eq. (2) 
II. APPLICATION OF DISPERSION RELATIONS
The behavior of the index of refraction can be deduced, if the extinction coefficient is known for all values of photon energy, from the dispersion relation' sr(E) -1= (2/rr) E'rs(E')[E" E'] 'dE'. (-6) If we represent the high-energy peaks in~2 by delta functions: (Sa) Ks(E) = Q (rrG;/2E, )e(E E,), E)E"- (7) which can be cast in the equivalent forms (Sb) and assume that we know the absorption coeKcient for energies less than the arbitrarily chosen energy E, which separates the "high"-energy region from the "low"-energy region, we can write the dispersion relation for the dielectric constant in the form 
This approximate result can then be substituted in the integral in (8) to obtain a second approximation. The procedure converges quite rapidly. For example, in the numerical calculations for GaAs to be described in Sec. Iv, the maximum index difference between the second and third iterations of Eq. (8) was less than 0.0001 for any value of If'. Some details of the numerical integration are described in the Appendix.
An estimate of the contribution of the absorption edge region to the dispersion of the index can be obtained from Eq. (5b) if we integrate only over the absorption edge itself. We find N(E) = (hc/vr) n(E')(E"~] 'dE', (-10) where E, is, as in (8) 
Parabolic Bands
The simplest case to describe is the conventional absorption edge arising from allowed direct transitions between conduction and valence bands, for which we write the absorption coefficient in the form n(E)=0, E&Eo,
We see that there is a peak in the index of refraction at the absorption edge and that dn/dE has an inverse square-root singularity at the edge. In a more realistic model in which the abrupt rise in n(E) near E=E, is softened by the absorption tails which are always present, ' and in which the deviation from the squareroot behavior at higher energies is taken into account, we find that the index peak will be slightly shifted in energy, and that the singularity in de/dE will be removed. The gross behavior of the index of refraction near the absorption edge will still be given by Eq. (12 Appl. Phys. 32, 2166 (1961 .
The bracketed factor in (11b) is an artificial damping factor used to assure that n(E) goes to zero at E=E" since this is required to simplify the separation of the high-energy and low-energy regions in Eq. (8 Experimentally it is often found that the absorption constant can be represented over one or more decades by an exponential dependence on the energy.~In the numerical calculations we have assumed that the absorption constant takes the form:
in which E» and E, describe the behavior of the absorption in the immediate neighborhood of the edge, and Es (E, E, )'/--(E,+E, -E, ) is chosen -to make the absorption vanish at E,. When the absorption edge is given by (13), we 6nd from Eq. (10) that the leading terms describing the variation of the index of refraction near the edge are AX.
where X, is the wavelength in vacuum corresponding to energy E"and Ei(x) is the exponential integral. "
The expression in braces in (14) has its peak when E=E. -0.37E~, the peak in the index derived from Eq. (8) will usually be shifted slightly in energy.
The parameter E~which characterizes the steepness of the absorption edge will be strongly influenced by both temperature and composition, and the dispersion of the index near the edge will thus be influenced by these factors. Both increasing temperature and increasing impurity content tend to broaden the absorption edge, and will therefore tend to reduce the dispersion of the index near the edge.
Absorption Peaks
In some cases the absorption cori.cient may show distinct peaks or dips, such as the exciton peaks which are seen in the absorption of many pure semiconductors at low temperatures. We shall discuss this case only approximately, and shall not attempt to give a quantitative account which would be necessary to describe, say, alkali halides, in which the exciton peaks dominate the absorption spectrum.Ã simple model of a symmetrical peak is one for which the contribution to the complex index of refraction is given by C/(Eo -E -sg). The absorption coefficient is u=4s
and the contribution to the index of refraction is
If g«Ep, the index contribution (15b) will have extrema at E&g, and the maximum excursion of the index is one-half of the height of the extinctioncoefFicient peak. When the absorption-coeKcient peak is positive, the index has a positive excursion on the low-energy side of the peak, and a negative excursion on the high-energy side. For a negative absorption change, these directions are reversed. If the change in the extinction coefficient is not symmetrical, the excursion of the index on the steeper side will be more pronounced than one would estimate from (15b), and the excursion on the other side will be less pronounced or absent altogether.
Indirect Absorption Edge
When the absorption at the optical energy gap is indirect, requiring a phonon to provide the momentum difference between the bottom of the conduction band and the top of the valence band, or when the transition is not allowed, the rise in absorption will be slower than that given by Eqs. (11) or (13). ' In such cases the associated dispersion in the index would be much less pronounced than for the cases we have considered, and a peak in the index of refraction is unlikely to occur near such an edge. In Ge and Si, for example, the transitions at the lowest energy gap are indirect, and we expect the 6rst major structure in the index of refraction to occur near a higher energy gap or other critical point in the energy difference between conduction and valence bands. o R. J. Elliott, Phys. Rev. 108, 1384 (1957 
IV. NUMERICAL RESULTS FOR GaAS AND PbS

Gallium Arsenide
We have applied the methods described in the previous sections to determine the index of refraction near the absorption edge of GaAs. The most direct comparison with experiment is possible for pure" GaAs, for which absorption data over the required range" and precise index measurements" are available at a number of temperatures.
The exponential band edge approximation of Eq. (13) constant, ' with crude allowance for their temperature dependence.
'
Our calculated values of the index of refraction, and some of Marple's prism data, " are shown in Fig. 1 .The values of the parameters G; which are used are listed in Table I . These two constants essentially 6x the value of the index at low energies and its rate of change with E', and were determined by fitting Marple's data. In making this fit a small correction (he(0.001}for the lattice-vibration and free-carrier contributions to the index was made, using the estimated electron concentration, E=6,5X10" cm ', of Marple's prism material. Numerical expressions for these corrections are given later in this section.
The maximum difference between the calculated and observed index values is 0.002 at 103'K and 0.004 at 298'K. This error would have been greater by at least a factor of 10 had we not included the contribution of the absorption edge in the calculation, which shows that the rapid rise in absorption makes an important con- Table I give 18.2 and 44.7 eV, respectively. Thus, the 3-eV peak is represented very well by our empirical fit.
The empirical 5-eV peak is too high because it must include the contributions of~2 at all higher energies.
About half of the discrepancy is accounted for by the observed peak at 6.3 eV, which is not included in our model. The empirical and the observed values are thus in satisfactory agreement.
From the parameters used to calculate the curves in Fig. 1 Green- away" at 80'K is too large, and falls too far below the absorption edge, to correspond to the peak in the calculated index curves.
The exciton peak in the low-temperature absorption data for GaAs" will lead to some additional dispersion in the index of refraction. We estimate from Sturge's data that at 103'K the peak is 1700 cm-' high and 0.005 eV wide, and that it is steeper on the low-energy side. According to Eq. (15), this should contribute about 0.006 to the index of refraction 0.0025 eV below the energy of the exciton peak, and a smaller negative amount just above the peak. Thus, the contribution of the exciton peak to the index of refraction is rather small for GaAs, but it would be much more important in materials such as ZnSe'4 and the alkali halides, "
where the exciton absorption is more pronounced.
In impure samples differences in the shape of the absorption edge, and free-carrier effects, will lead to differences in the index from the value found in pure material. Table I , and the resulting values of the index of refraction for a small energy range near the absorption edge are shown in Fig. 2. A number of qualitative features of the index curves are apparent. Only the purest of the five samples shows a peak in the index of refraction. The absence of a peak in the other four curves is not surprising in view of the more gradually rising absorption in the impure samples.
The index curve for the purest sample in Fig. 2 is in fairly good agreement with the room-temperature curve in Fig. 1 . The principal difference between the curves is a somewhat less pronounced index peak in Fig. 2 , which is to be expected since the Kudman-Seidep' absorption data are somewhat more rounded than Sturge's" data.
The curves of Fig. 2 Art;"", = -6.3 X 10 -"P/E', Table II we note that the calculated index of refraction in Fig. 1 is 3.585 (this value would not be changed in the third decimal place by the lattice-vibration and free-carrier contributions), and that Marple's" observed value is 3.588, both at 8=1. 37 eV and T=298'K. Although the index differences between samples of different impurity concentrations are quite small, they can be important in the operation of the GaAs injection laser. This is discussed briefly in Sec. V, The free-carrier contribution to the index of refraction in e-type GaAs can easily be estimated in the same way as for p-type material. If we take the electron effective mass to be 0.072m, we find Art;~t"= -9.6X 10 "X/rtE' (22) where X is the electron concentration. There is some interband absorption in m-type GaAs, '~b ut we find that its contribution to the index near the absorption edge is less than 1% of the intraband contribution, and can be neglected.
Lead Sulfide
The Fig. 3 .
We see that the calculated curve has its peak at too low an energy, and that the height of the calculated peak in the index is too small. The differences may be barely within the experimental errors, since the calculated curve can be lowered by reducing the constant 6& of Table I . In any case, the calculated and observed values are in good qualitative agreement.
The much bigger peak in the index found in PbS than in GaAs can be ascribed mainly to the smaller energy gap, which leads to a smaller energy denominator in the dispersion integral in Kq. (8) The optical absorption of ZnSe'4 shows a strong peak near 2.8 eV at low temperature, and a rapid rise in absorption, but without a peak, near 2.7 eV at room temperature. The room-temperature reQectivity has a small peak near the absorption edge, but the more pronounced structure that might be expected at low temperatures has apparently not yet been observed.
V. APPLICATION TO INJECTION LASERS
The index of refraction, both in its dependence on wavelength and in its dependence on impurity or carrier concentration, enters in an important way in the theory of the injection laser. The index of the material in that part of the diode where most of the radiative recombination of electrons and holes is taking place, which we call the active region, determines the wavelengths at which the emission peaks of a unit with the FabryPerot structure (two flat, parallel faces) will occur either in the high-current region of stimulated emission" or in the low-current region of spontaneous emission. " This has made possible accurate measurements over a range of wavelengths in the immediate neighborhood of the absorption edge, and we shall compare the results with our calculated values below. The other important bearing of the index of refraction on the operation of an injection laser is its role in the con6nement of the emitted radiation to the immediate vicinity of the active region, '~38 which strongly sects the losses, and therefore the threshold currents of the most favored modes present in the stimulated emission.
where) is the average of P and) j, and n'= n X(de-/dh) = n+ E(de/d E) .
(24b) Nathan, Fowler, and Burns" have analyzed the onaxis spontaneous emission spectrum of a Fabry-Perot diode at 2'K, and have obtained n'(E) for photon energies between 1. 42 and 1.48 eV. We have been able to fit their results within 2%%u~w ith the parameters listed in Table I , and show both the experimental and the calculated curves in Fig. 4 If the index of refraction in the active region of an injection laser is greater than the index of the inactive material on both sides, the effect is like that of a potential well which confines some radiation modes to the neighborhood of the active region. '~38 Some confinement will occur even without an index change because of the absorption of light in the inactive region. "~A s the index difference between the active and inactive regions increases, the wave becomes confined more and more to the active region alone, and eventually the power gain per unit length along the junction becomes equal to the gain in the active region. The rather low threshold-current densities that have been observed in GaAs injection lasers suggest that an index change favoring radiation confinement is present.
Three mechanisms have been proposed which can lead to a higher index of refraction in the active region of an injection laser than in the surrounding material. The first is associated with the absorption change due to the population inversion in the active region, "'8 the second is the result of higher carrier densities in the inactive region than in the active region, " and the third is associated with differences in the absorption edge of the active and inactive regions. "
The The effect of population inversion on the index of refraction can be shown to have the wrong sign for radiation confinement, but may be rather small. The magnitude of the effect is inversely proportional to the thickness of the active region. In the published estimates" " a thickness of 2)&10 ' cm has been used, but there are indications that the thickness is larger. 4' Since the population inversion reduces the absorption constant near the absorption edge, the index change will be negative, i.e. , unfavorable for radiation confinement, on the low-energy side of the maximum absorption change, and positive on the high-energy side. The change in absorption is not given by the same integral over conduction and valence band states as are the spontaneous and the stimulated emission, 4' and will have the same spectral distribution as the spontaneous emission only at absolute zero, and only if a momentum selection rule applies. Since there is reason to believe that the momentum selection rule will not be valid near the absorption edge of impure material, 4'4' we expect the peak of the absorption change associated with population inversion. to lie at a higher photon energy than does the peak of the spontaneous emission.
This will be true even with a selection rule when ET becomes comparable to the spontaneous-emission linewidth. Since the stimulated-emission peak is expected to lie on the low-energy side of the spontaneous-emission peak, except at T=0, 4' we conclude that the index change associated with population inversion will be unfavorable for radiation confinement unless the momentum selection rule is valid and ET is small compared to the spontaneous-emission linewidth.
Nathan, Fowler, and Burns" find at 2'K that the index change with increasing diode current is negative, i.e. , unfavorable, or zero in the wavelength range they studied, which included the wavelength of the lasing peak.
Pressure and Temperature Effects
The change in wavelength of a particular mode of a (9) and (10), then the temperature or pressure shift of the index will be the sum of a term which depends on the changes in E; and G;, and which presumably varies relatively slowly with photon energy, plus another term which depends on changes i'n 8, or E"which will be small at long wavelengths but will be large near the edge.
The main contribution to pressure 
